Moduli Spaces of PU(2)-Instantons on Minimal Class VII Surfaces with
  b_2=1 by Schöbel, Konrad
ar
X
iv
:0
70
5.
33
49
v1
  [
ma
th.
DG
]  
23
 M
ay
 20
07
MODULI SPACES OF PU(2)-INSTANTONS
ON MINIMAL CLASS VII SURFACES WITH b2 = 1
KONRAD SCHÖBEL
Abstrat. We desribe expliitly the moduli spaesMpstg (S,E) of polystable
holomorphi strutures E with det E ∼= K on a rank 2 vetor bundle E with
c1(E) = c1(K) and c2(E) = 0 for all minimal lass VII surfaes S with b2(S) =
1 and with respet to all possible Gauduhon metris g. These surfaes S
are non-ellipti and non-Kähler omplex surfaes and have reently been
ompletely lassied [Tel05a℄. When S is a half or paraboli Inoue surfae,
Mpstg (S,E) is always a ompat one-dimensional omplex dis. When S is
an Enoki surfae, one obtains a omplex dis with nitely many transverse
self-intersetions whose number beomes arbitrarily large when g varies in the
spae of Gauduhon metris. Mpstg (S,E) an be identied with a moduli
spae of PU(2)-instantons. The moduli spaes of simple bundles of the above
type leads to interesting examples of non-Hausdorff singular one-dimensional
omplex spaes.
Keywords: moduli spaes, holomorphi bundles, omplex surfaes, instantons
1. Introdution
In gauge theory, moduli spaes of anti-self-dual onnetions have led to strik-
ing results in dierential four-manifold geometry; they are the main tools in the
onstrution of the Donaldson polynomial invariants. However, the expliit om-
putation of these moduli spaes in onrete situations is in general very diult.
On the other hand, when the base manifold is a omplex surfae, the Kobayashi-
Hithin orrespondene establishes a real analyti isomorphism between the mod-
uli spaes of (irreduible) anti-self-dual onnetions and polystable (stable) holo-
morphi strutures on a xed dierentiable vetor bundle and makes thus possi-
ble the appliation of omplex geometri methods for the omputation of gauge-
theoretial moduli spaes. S. K. Donaldson gave the rst omplete proof of this
relationship on algebrai surfaes and used it to expliitly ompute moduli spaes
and the orresponding invariants for Dolgahev surfaes. This led to the rst
example of pairs of homeomorphi but not dieomorphi four-manifolds [Don87℄.
Subsequently this strategy was arried out for a large variety of algebrai sur-
faes [OdV86, Bu87, Fri89, Kot89, OdV89, FM94, Don97, FMW99℄. However, it
beomes very hard for non-algebrai surfaes due to the presene of non-ltrable
holomorphi bundles in the moduli spae. A omplete lassiation of suh bundles
is onsidered to be an extremely diult problem on non-ellipti surfaes beause
of the lak of a general method of onstrution and parametrisation. On the other
2000 Mathematis Subjet Classiation. 14J60, 14J25, 57R57.
E-mail: shoebelmi.univ-mrs.fr.
1
2 KONRAD SCHÖBEL
hand, on ellipti surfaes it ould be solved for a number of non-Kählerian el-
lipti surfaes [BH89, LT95, Tel98, Tom01, Mor03, BM05℄. Note that for ellipti
brations one solves this problem by regarding the restritions to the bres whih
(generially) are ellipti urves on whih the lassiation of holomorphi bundles
is well understood [AB82, PV85℄. This strategy is alled the graph method and
was used by P. J. Braam and J. Hurtubise to obtain the rst expliit example
of an SU(2)-instanton moduli spae on a non-Kähler surfae, namely an ellipti
Hopf surfae [BH89℄. In this artile we now ompute moduli spaes of holomorphi
bundles on all minimal lass VII surfaes with b2 = 1, endowed with all possible
Gauduhon metris. Being the rst example of moduli spaes on surfaes that are
both non-Kähler and non-ellipti, this is the reason why one expets essentially
new phenomena for the behaviour of moduli spaes in general.
Our method to overome the main diulty of ontrolling non-ltrable bundles is
the following: We rst lassify ltrable bundles and then show, using gauge-theory,
that only a partiular non-ltrable bundle an exist. In [Tel05a℄ it was shown that
the moduli spae does not ontain a ompat omponent onsisting of both ltrable
and non-ltrable bundles. We then show that the moduli spae does not ontain any
ompat omponent at all. This is true on blown-up primary Hopf surfaes by a
reent result of M. Toma [Tom06℄ and we onlude using a deformation argument,
sine any minimal lass VII surfae surfae ontaining a global spherial shell (see
below) is the degeneration of a blown-up primary Hopf surfae [Kat78℄.
A rst interesting property of our moduli spaes is that the ltrable bundles
are generi. This is surprising, beause on Kähler surfaes the ltrable lous is a
ountable union of Zariski-losed sets and also in all formerly known examples on
non-Kähler surfaes it was found to be Zariski-losed.
Class VII surfaes with b2 = 1 are of partiular interest in the light of the lassi-
ation problem of omplex surfaes. In the early 1960ies, K. Kodaira lassied
onneted ompat omplex surfaes (surfaes for short) into seven lasses [Kod64℄.
Six of them are quite well understood but the seventh [Kod66℄ has resisted a om-
plete lassiation until the present day. A surfae S is said to be of lass VII if it
has Kodaira dimension kod(S) = −∞ and rst Betti number b1(S) = 1. It an
be blown down to a unique minimal model, i. e. a unique lass VII surfae not being
the blow-up of another one. We denote the sublass of minimal lass VII surfaes
by VII0. Class VII0 surfaes with seond Betti number b2 = 0 are lassied: They
are either Hopf or Inoue surfaes [Bog82, LYZ94, Tel94℄. As to lass VII0 surfaes
with b2 > 0, all known examples admit a so-alled global spherial shell and an
be expliitly onstruted by suessive blow-ups and holomorphi surgery [Kat78℄.
On the other hand, every lass VII0 surfae S with exatly b2(S) rational urves
possesses a global spherial shell [DOT03℄. The global spherial shell onjeture
now states that every lass VII0 surfae has suh a global spherial shell and would
redue the lassiation of lass VII surfaes to nding suiently many urves.
This was reently done by A. Teleman for the sublass VII10 of lass VII0
surfaes with b2 = 1 [Tel05a℄. Supposing there did not exist any omplex urves
on the surfae he onstruted a ontradition for the moduli spae of polystable
holomorphi strutures E with det E ∼= K on a xed omplex vetor bundle E with
c1(E) = c1(K) and c2(E) = 0. By the above, this aomplishes the lassiation
of lass VII10 surfaes: Eah lass VII
1
0 surfae is biholomorphi to either the half
Inoue surfae [Ino77℄, the paraboli Inoue surfae [Ino74℄ or an Enoki surfae
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[Eno80℄. We in turn now ompute expliitly this moduli spae for eah of these
surfaes and desribe its properties in detail. This is possible with respet to any
Gauduhon metri, due to a reent result lassifying the possible degree maps on
non-Kähler surfaes [Bu00, Tel05b℄. We nally remark that the methods used
an be extended to show the existene of a urve in the ase b2 = 2 [Tel06b℄.
The expeted omplex dimension of the above moduli spae is
− χ(End0E) =
(
4c2(E)− c1(E)2
)− 32(b+2 (S)− b1(S) + 1) = 1 , (1.1)
but there are two deeper reasons for this partiular hoie of the Chern lasses of E.
Firstly, it allows one to write ltrable holomorphi bundles E as extensions of ertain
holomorphi line bundles. Seondly, it assures that the moduli spae of anti-self-
dual onnetions on E is ompat so that the moduli spae of stable holomorphi
strutures on E, embedded via the Kobayashi-Hithin orrespondene, an be
ompatied by adding only the irreduible part. This ompatiation is ruial
in the step determining possible non-ltrable bundles.
The moduli spaes we get are ompat one-dimensional omplex diss when the
surfae is a half or paraboli Inoue surfae. In the generi ase of an Enoki
surfae it is a ompat one-dimensional omplex dis too, but with nitely many
transverse self-intersetions. The number of these singularities is unbounded when
the metri varies in the spae of Gauduhon metris. This shows that there are
innitely many homeomorphism types of moduli spaes although there are only
nitely many topologial splittings of the underlying vetor bundle. Furthermore,
having a boundary, these moduli spaes are not omplex spaes. This is in ontrast
to algebrai surfaes, where the Uhlenbek ompatiation is known to be an
algebrai variety [Li93℄, and to all known examples on non-algebrai surfaes. It
will be one of our next steps to study the behaviour of the natural Hermitian
metri [LT95℄ near this boundary.
Let us nally point out that our results ould only be obtained through a lose in-
terplay between omplex geometry and gauge theory. Although nowadays Seiberg-
Witten theory has widely replaed Donaldson theory, reent developments show
that Donaldson theory on denite 4-manifolds with b1 > 1 is still an interesting
open subjet [Tel06a℄.
The struture of this artile is the following: In the next setion we briey review
the neessary properties of lass VII10 surfaes and summarise their lassiation.
Then we parametrise ltrable holomorphi bundles in the moduli spaes (setion 3),
examine its loal struture (setion 4) and the stability ondition (setion 5). In
setion 6 we give the boundary struture of the moduli spaes of polystable bundles.
Finally we determine non-ltrable bundles (setion 7) whih leads to a omplete
desription of the entire moduli spaes in the last setion.
Aknowledgements: I would like to thank my PhD supervisor Andrei Tele-
man for his onstant help and numerous hints and omments. Furthermore I would
like to thank Matei Toma for providing his results as well as Karl Oeljeklaus
and George Dloussky for useful disussions on the subjet.
2. Minimal lass VII surfaes with b2 = 1
Let S be a lass VII surfae, i. e. a ompat omplex surfae with rst Betti
number b1(S) = 1 and Kodaira dimension kod(S) = −∞. By denition, the
ondition on the Kodaira dimension means that tensor powers of the anonial
4 KONRAD SCHÖBEL
holomorphi line bundle K do not admit any non-trivial holomorphi setions, i. e.
H0(K⊗n) = 0 for n > 1. For suh a surfae the Chern lasses are given by [Kod64℄
c2(S) = −c1(S)2 = b2(S) . (2.1)
Suppose now that S is of lass VII10, i. e. minimal with seond Betti number
b2(S) = 1. As mentioned in the introdution, Teleman proved that in this ase
there exists at least one omplex urve on S [Tel05a℄. But any lass VII10 surfae
ontaining a urve is biholomorphi to one of the following surfaes [Nak84℄:
• A half Inoue surfae [Ino77℄. It ontains only a single omplex urve,
namely a singular rational urve C with one node and self intersetion −1.
The anonial bundle is given by
K = F ⊗O(−C) (2.2)
where F is the unique non-trivial square-root of the trivial holomorphi
line bundle O (see below). We have
c1(O(C)) = −c1(K) .
• A surfae in the family studied by Enoki [Eno80℄ ontaining only a single
omplex urve, namely a singular rational urve C with one node and self
intersetion 0. We have
c1(O(C)) = 0 .
There is no expression for the anonial bundle K as in the other two ases.
We will refer to lass VII10 surfaes of this type as Enoki surfaes.
• A paraboli Inoue surfae [Ino74℄. It ontains preisely two omplex urves,
namely a singular rational urve C with one node and self intersetion 0
and an ellipti urve E with self-intersetion −1. Both urves are disjoint.
The anonial bundle is given by
K = O(−C − E) . (2.3)
We have
c1(O(C)) = 0 c1(O(E)) = −c1(K) .
The Chern lasses above follow from the intersetion numbers sine H2(S,Z) is
torsion free (see below).
Notation 2.1. The family of lass VII10 surfaes onstruted and lassied by
Enoki [Eno80, Eno81℄ is haraterised by the existene of a divisor D > 0 with
D2 = 0. As suh it inludes the paraboli Inoue surfae. Nevertheless, to simplify
the exposition we agree that in this artile we do not onsider the paraboli
Inoue surfae as an Enoki surfae.
Unless otherwise stated, S will always denote a lass VII10 surfae, i. e. one of
the three types above.
Remark 2.2. As a two parameter family Enoki surfaes represent the generi
ase of lass VII10 surfaes. The half and the paraboli Inoue surfae appear as
degenerations of them.
The existene of a rational urve on a lass VII10 surfae implies the existene of a
so-alled global spherial shell [DOT03℄. Surfaes admitting a global spherial shell
an be onstruted by suessive blow-ups of the unit ball in C2 and a subsequent
holomorphi surgery [Kat78, Dlo84℄. A onsequene of this onstrution is that all
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suh surfaes are degenerations of blown-up primary Hopf surfaes. In partiular
they are all dieomorphi with fundamental group π1(S) ∼= Z. Thus H1(S,Z) ∼= Z
is free and from the universal oeient theorem we onlude H2(S,Z) ∼= Z beause
b2(S) = 1. Furthermore, from (2.1) we see that c1(K)
2 = −1, showing that c1(K)
is a generator of H2(S,Z).
In the following we will frequently use the orrespondene between line bundle
morphisms M1 → M2 and the setions of M∨1 ⊗M2 they dene. In partiular
every suh morphism is the zero morphism if the orresponding bundle does not
admit non-trivial setions, i. e. if H0(M∨1 ⊗M2) = 0.
Remark 2.3. Note that a line bundle admits non-trivial setions if and only if it
is isomorphi to O(D) for a divisor D > 0 on S, i. e. if it is of the form O(rC)
on the half Inoue or an Enoki surfae and O(rC + sE) on the paraboli Inoue
surfae for some r, s ∈ N. This shows in partiular that line bundles M on lass
V II10 surfaes with c1(M) = c1(K⊗n) do not admit non-trivial setions if n > 1, a
fat we will use frequently below without further mention.
The divisor D is the zero divisor of a setion in the line bundle and uniquely
determined sine lass VII10 surfaes do not admit non-onstant meromorphi fun-
tions. In partiular we have dimH0(M) 6 1 for line bundles M on lass VII10
surfaes and if M is non-trivial then either M or M∨ does not admit non-trivial
setions.
The exponential sequene 0→ Z→ O exp−−→ O∗ → 0 gives rise to the long exat
ohomology sequene
. . .→ H1(S,Z)→ H1(S,O) exp
1
−−−→ H1(S,O∗) c1−→ H2(S,Z)→ . . . .
Here Pic(S) := H1(S,O∗) is the Piard group, the Abelian group of isomorphism
lasses of holomorphi line bundles on S with group multipliation indued by
the tensor produt. On the other hand H2(S,Z) lassies isomorphism lasses of
omplex line bundles via the rst Chern lass. The onneting operator is just the
group homomorphism that assoiates to a holomorphi line bundle the rst Chern
lass of its underlying topologial line bundle. Its kernel, the image of exp1, is the
subgroup Pic0(S) of holomorphi strutures on the topologially trivial line bundle.
The Piard group Pic(S) has the struture of a omplex Lie group and exp1 is an
étale morphism [LT95℄.
Sine H1(S,Z) is torsion free and b1(S) = 1 we have H
1(S,Z) ∼= Z. On the
other hand, on lass VII surfaes the natural inlusion C →֒ O indues an isomor-
phism H1(S,C)
∼=−→ H1(S,O) [Kod64℄ showing that for b1(S) = 1 there is a group
isomorphism
Pic0(S) ∼= C∗ .
In partiular, every holomorphi line bundle in Pic0(S) has exatly two roots in
Pic0(S) whih dier by the non-trivial root of O whih we will denote by F :
F ⊗ F = O F 6∼= O .
Remark that in ontrast to Kähler surfaes Pic0(S) is non-ompat here.
3. Filtrable holomorphi bundles
On surfaes, topologial omplex vetor bundles are lassied up to isomorphisms
by their rank and their rst two Chern lasses. We x one and for all a omplex
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vetor bundle E on S with
rankE = 2 c1(E) = c1(K) c2(E) = 0 , (3.1a)
where K is the anonial omplex line bundle. Sine c1(detE) = c1(E) this implies
detE ∼= K. In the following we will study the simple holomorphi strutures E on
E with determinant
det E ∼= K . (3.1b)
At rst we investigate ltrable bundles of type (3.1), beause they admit a rel-
atively simple desription as extensions of ertain holomorphi line bundles. In
general a rank two bundle is ltrable if it admits a rank one subsheaf, but the
notion simplies onsiderably for surfaes:
Denition 3.1. A holomorphi rank two vetor bundle E on a omplex surfae S
is ltrable if and only if one of the following equivalent onditions is satised:
(1) E has a rank one subsheaf S .
(2) E has a loally free rank one subsheaf L.
(3) There exist holomorphi line bundles L and R on S that t into a short
exat sequene of the form
0 −→ L −→ E −→ R⊗IZ −→ 0 (3.2)
where IZ is the ideal sheaf of a dimension zero loally omplete intersetion
Z ⊂ S.
The proof of the equivalene is standard, see for example [EF82℄.
The rst reason for hoosing E to satisfy (3.1a) is that in this ase we get rid of
the (possibly very ompliated) ideal sheaf IZ in (3.2):
Proposition 3.2. On a lass VII10 surfae S we have Z = ∅ and either c1(L) = 0
or c1(R) = 0 in (3.2) under the assumption (3.1a).
Proof. Sine c1(K) is a generator of H2(S,Z) ∼= Z we set c1(L) = n · c1(K) with
n ∈ Z. Computation of the Chern lasses of E = (E ⊗ L∨) ⊗ L yields, sine
c1(K)2 = −1,
c1(K) = c1(E) = c1(E ⊗ L∨) + 2c1(L) and
0 = c2(E) = c2(E ⊗ L∨) + c1(E ⊗ L∨)c1(L) + c1(L)2 = |Z|+ n(n− 1) .
Here |Z| denotes the number of points in Z, ounted with multipliities. But the
last equality an only be satised if |Z| = 0, i. e. Z = ∅, and n = 0 or 1. 
Now note that the determinant of a the entral term in a line bundle extension
is the tensor produt of the two orresponding line bundles.
Corollary 3.3. Any ltrable holomorphi vetor bundle E of type (3.1) on a lass
VII10 surfae is the entral term of an extension of one of the following two types
0 −→ L −→ E → L∨ ⊗ K → 0 (3.3a)
0 → R∨ ⊗ K → E −→ R −→ 0 (3.3b)
where L,R ∈ Pic0(S).
Moreover, given a line bundle inlusion M →֒ E into a bundle E of type (3.1),
we have either c1(M) = 0 and the inlusion extends to (3.3a) with L ∼= M or we
have c1(M) = c1(K) and it extends to (3.3b) with R∨ ⊗K ∼=M.
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The following lemma shows that the existene of non-trivial extensions (3.3) and
the uniqueness of their entral terms is determined by the existene of setions
in ertain line bundles. Line bundle extension 0 → M1 → E → M2 → 0 or
equivalently 0→M1⊗M∨2 → E⊗M∨2 → O → 0 are determined by the image of the
onstant 1 setion in O under the onneting operator H0(O)→ H1(M1⊗M∨2 ) in
the assoiated ohomology sequene and vie versa. In partiular extensions whih
dier by a non-zero onstant in the lassifying spae Ext1(M2,M1) := H1(M1 ⊗
M∨2 ) have isomorphi entral terms. To ompute the dimension of these spaes we
will use the Riemann-Roh theorem whih, using (2.1) and ombined with the
Serre duality, takes the partiular form
h0(M)− h1(M) + h0(M∨ ⊗K) = 12 c1(M)
(
c1(M)− c1(K)
)
(3.4)
for a holomorphi line bundleM on S, where hp(M) := dimHp(S,M) [BHPvdV04℄.
To simplify the notation we write L2 and L−2 for L⊗L and L∨ ⊗L∨ respetively.
Proposition 3.4. (1) For every holomorphi line bundle L ∈ Pic0(S) \Q(S),
where
Q(S) := {L ∈ Pic0(S) : H0(L2 ⊗K∨) 6= 0} ,
there is a non-trivial extension
0 −→ L −→ EL −→ L∨ ⊗K −→ 0 (3.5a)
with an (up to isomorphisms) uniquely determined entral term EL. If L ∈
Q(S) then the isomorphism lasses of entral terms in non-trivial extensions
of the form (3.3a) are parametrised by CP1.
(2) For every holomorphi line bundle R ∈ R(S), where
R(S) := {R ∈ Pic0(S) : H0(R2) 6= 0} ,
there is a non-trivial extension
0 −→ R∨ ⊗K −→ AR −→ R −→ 0 (3.5b)
with an (up to isomorphisms) uniquely determined entral term AR. If
R ∈ Pic0(S) \R(S) there are no non-trivial extensions of the form (3.3b).
Proof. Extensions of type (3.5b) are lassied by Ext1(R,R∨⊗K) ∼= H1(R−2⊗K).
From formula (3.4) for M = R−2 ⊗ K we obtain dimExt1(R,R∨ ⊗ K) = h0(R2)
sine H0(R−2 ⊗ K) = 0. This proves (2) beause h0(R2) = 0 or 1. Likewise,
extensions of type (3.5a) are lassied by Ext1(L∨⊗K,L) ∼= H1(L2⊗K∨) and from
formula (3.4) we obtain dimExt1(L∨ ⊗ K,L) = 1 + h0(L2 ⊗ K∨) sine H0(L−2 ⊗
K2) = 0. This proves the rst part of (1).
In the ase L ∈ Q(S) we have dimExt1(L∨ ⊗ K,L) = 1 + h0(L2 ⊗ K∨) = 2
beause 0 6= h0(L2 ⊗ K∨) 6 1. Let ϕ : E1 → E2 be a bundle isomorphism between
the entral terms of two dierent extensions in the following diagram:
0 // L α1 //




E1 //
ϕ

L∨ ⊗K //




0
0 // L // E2
β2
// L∨ ⊗K // 0 .
(3.6)
The omposition β2 ◦ ϕ ◦ α1 must vanish sine it denes a setion of L−2 ⊗ K.
Thereby ϕ indues endomorphisms L → L and L∨ ⊗ K → L∨ ⊗ K (the vertial
dashed morphisms) dening setions of O. That ϕ is an isomorphism shows that
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both are non-trivial and thus non-zero multiples of the identity. But then the two
extensions dier by a non-zero onstant in Ext1(L∨ ⊗K,L). 
R(S) is the set of those line bundles R ∈ Pic0(S) that dene a (unique) bundle
AR andQ(S) is the set of those line bundles L ∈ Pic0(S) that do not dene a unique
bundle EL. In the following we always imply R ∈ R(S) and L ∈ Pic0(S) \ Q(S)
when we write AR and EL respetively.
Remark 3.5. Using remark 2.3 and evaluating the rst Chern lass, it is not
diult to see that the above sets have the following form on the dierent lass
VII10 surfaes:
• For S the half Inoue surfae, R(S) = √O = {O,F} and Q(S) = √F .
• For S an Enoki or the paraboli Inoue surfae,
R(S) = {M⊗O(rC) : M∈
√
O ∪
√
O(C), r ∈ N} . (3.7)
• For S an Enoki surfae, Q(S) = ∅
• For S the paraboli Inoue surfae, Q(S) = R(S) ∪
√
O(−C)
In partiular, sine every line bundle in Pic0(S) has exatly two square roots, the
above sets are nite or ountable so that the bundles EL with L ∈ Pic0(S) \Q(S)
represent the generi ase among the ltrable bundles of type (3.1).
We now restrit our attention to simple bundles. Simpliity assures that the
resulting moduli spae is a omplex analyti spae.
Denition 3.6. A holomorphi vetor bundle E is alled simple if the only holo-
morphi endomorphisms of E are multiples of the identity.
Proposition 3.7. (1) The entral terms of trivial extensions of type (3.3) are
never simple.
(2) The bundles EL, L ∈ Pic0(S) \Q(S), are simple.
(3) For L ∈ Q(S) the entral terms of non-trivial extensions (3.3a) are not
simple.
(4) A bundle AR is simple if R ∈ R(S) \Q(S). 1
Moreover, every simple ltrable holomorphi bundle of type (3.1) is isomorphi
to either a bundle EL for some L ∈ Pic0(S) \ Q(S) or to a bundle AR for some
R ∈ R(S).
Proof. (1) is evident. To prove (2) and (3) regard diagram (3.6) for E1 = E2 =: E
and an endomorphism ϕ : E → E . As in the proof of proposition 3.4 ϕ indues
endomorphisms L → L and L∨ ⊗ K → L∨ ⊗ K (the vertial dashed morphisms)
whih must be multiples of the identity sine they dene setions in O. Let the
latter one be ζ idL∨⊗K with ζ ∈ C. Then we an substitute ϕ by ϕ− ζ idE to obtain
the diagram
0 // L //




E β1 //
ϕ−ζ idE
  
L∨ ⊗K //
0




0
0 // L α2 // E // L∨ ⊗K // 0
where this time the endmorphism L∨⊗K → L∨⊗K on the right is zero. Therefore
ϕ−ζ idE fatorises through α2. But now the endomorphism L → L on the left must
1
Later on we will see that this is atually an if and only if.
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be zero too. Indeed, if not, it would be an isomorphism and its inverse omposed
with the morphism E → L would dene a splitting of the rst extension. This
indues yet another morhpism σ : L∨⊗K → L from the bundle L∨⊗K in the upper
extension to the bundle L in the lower extension (not indiated). This morphism
denes an element of H0(L2 ⊗K∨) and is zero if and only if ϕ− ζ id = α2 ◦ σ ◦ β1
is. This demonstrates (2) and (3).
The proof of (4) is analogue. In the orresponding diagram
0 // R∨ ⊗K α1 //




AR //
ϕ

R //
ζ idR




0
0 // R∨ ⊗K // AR β2 // R // 0
for a bundle endomorphism ϕ : AR → AR the omposition β2 ◦ ϕ ◦ α1 is zero by
hypothesis sine it denes a setion of R2 ⊗ K∨. As before we an substitute this
diagram by
0 // R∨ ⊗K //
0




AR //
ϕ−ζ id
zz
R //
0




0
0 // R∨ ⊗K // AR // R // 0 .
Conluding as above we have ϕ = ζ id sine H0(R−2 ⊗K) = 0.
The last statement is now a onsequene of orollary 3.3 and proposition 3.4. 
To obtain a bijetive parametrisation of simple ltrable bundles of type (3.1) we
will have to determine possible isomorphisms of the forms
EL′ ∼= EL AR′ ∼= AR AR ∼= EL . (3.8)
Regarding the dening extensions (3.5) and orollary 3.3, these are given by holo-
morphi bundle embeddings L′ →֒ EL, R′ →֒ AR and L →֒ AR.
A line bundle extension 0→M→ E → O → 0 is determined by the image δh(1)
of the onstant 1 setion in O under the onneting operator δh : H0(O)→ H1(M)
in the assoiated ohomology sequene. Given, in addition, a divisor D > 0 on
S there is a seond onneting operator δv : H
0(MD(D)) → H1(M) from the
ohomology sequene assoiated to the short exat sequene
0 −→ M −→ M(D) −→ MD(D) −→ 0 . (3.9)
This sequene is the dening sequene forMD(D) where we write M(D) forM⊗
O(D) and MD for the restrition of M to D, i. e. MD :=M⊗OD.
In [Tel05b℄ we nd the following riterion:
Proposition 3.8. With the above notation, the natural map O(−D) → O an be
lifted to a bundle embedding
O(−D)




##G
G
G
GG
G
G
GG
0 //M // E // O // 0
(3.10)
if and only if there exists a setion σ ∈ H0(MD(D)) dening a trivialisation
MD(D) ∼= OD suh that δh(1)=δv(σ)
Applying this riterion to the extensions (3.5) yields the following
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Corollary 3.9. (1) EL ∼= EL′ if and only if L′ ∼= L.
(2) Suppose R′ 6∼= R and that AR and AR′ are simple. Then AR′ ∼= AR if and
only if there exists a divisor D > 0 with R⊗R′ ∼= K(D) and R′D ∼= RD.
(3) Suppose AR is simple. Then AR ∼= EL if and only if there exists a divisor
D > 0 with L ∼= R(−D) and R2D ∼= KD(D).
Proof. We an show the rst statement without using proposition 3.8. Take two
non-isomorphi bundles L and L′. Then either L∨ ⊗L′ or L⊗L′∨ has only trivial
setions, . f. remark 2.3. We an assume the latter by possibly interhanging L and
L′. Let now ϕ : EL → EL′ be an isomorphism between the orresponding bundles
EL and EL′ and regard the following diagram:
0 // L α1 // EL //
ϕ
~~
L∨ ⊗K //
0




0
0 // L′ α2 // EL′
β2
// L′∨ ⊗K // 0 .
The omposition β2 ◦ ϕ ◦ α1 vanishes sine it denes a setion of L∨ ⊗ L′∨ ⊗ K.
Thus ϕ indues a morphism L∨ ⊗ K → L′∨ ⊗ K (the vertial dashed morphism).
This denes a setion of L ⊗ L′∨ whih is zero by the above hoie of L and L′.
Consequently ϕ fatorises through α2, showing that it an not be an isomorphism.
This proves the rst statement.
To prove the seond statement we an assume that R∨ ⊗ R′ does only admit
trivial setions by possibly interhanging R and R′, . f. remark 2.3. Now observe
that an isomorphism AR′ ∼= AR gives, after tensorising the dening extensions for
AR and AR′ by R∨, a bundle embedding α,
M R∨ ⊗R′∨ ⊗K
α

&&L
L
L
L
L
L
0 // R−2 ⊗K // R∨ ⊗AR // O // 0 ,
(3.11)
and thus a bundle morphism R∨⊗R′∨⊗K → O. If it were trivial, α would indue
a morphism R∨ ⊗ R′∨ ⊗ K → R−2 ⊗ K dening a setion of R∨ ⊗ R′ whih is
zero by assumption. This would ontradit the fat that α is a bundle embedding.
So the morphism R∨ ⊗ R′∨ ⊗ K → O is non-trivial, showing the existene of a
divisor D > 0 with R⊗R′ ∼= K(D). We have D 6= 0 beause otherwise this would
give a splitting of the extension dening AR, but AR is simple by hypothesis.
Proposition 3.8 applied to M = R−2 ⊗K now yields R2D ∼= KD(D) or equivalently
RD ∼= R′D.
Conversely, suppose R ⊗ R′ ∼= K(D) and RD ∼= R′D. Again we an assume
that R∨⊗R′ does only admit trivial setions by possibly interhanging R and R′.
Consider the short exat sequene (3.9) forM = R−2⊗K and regard the assoiated
long exat sequene
. . .→ H0(R∨ ⊗R′)→ H0(OD) δv−→ H1(R−2 ⊗K)→ . . .
We have h0(R∨⊗R′) = 0 by assumption, so the onneting operator δv is injetive.
As we saw in the proof of proposition 3.4, h1(R−2⊗K) = dimExt1(R,R∨⊗K) = 1.
Together with h0(OD) > 1 this shows that δv is an isomorphism and h0(OD) = 1.
Thus the preimage σ of δh(1) ∈ H1(R−2 ⊗ K) under δv is a onstant setion of
MD(D) ∼= OD and therefore denes a trivialisation. Applying proposition 3.8 to
PU(2)-INSTANTONS ON CLASS VII0 SURFACES WITH b2 = 1 11
M = R−2 ⊗ K now gives a line bundle inlusion α in (3.11). By orollary 3.3 the
resulting bundle embeddingR′∨⊗K → AR extends to an extension 0→R′∨⊗K →
AR → R′ → 0. It is non-trivial beause AR is simple. Then by the denition of
AR′ we have AR′ ∼= AR.
The proof of the last statement is analogue beause in this ase the orresponding
diagram is
M R∨ ⊗ L
α
 $$I
I
I
I
I
0 // R−2 ⊗K // R∨ ⊗AR // O // 0
and the ohomology sequene of (3.9) for M = R−2 ⊗K reads
. . .→ H0(R∨ ⊗ L∨ ⊗K)→ H0(OD) δv−→ H1(R−2 ⊗K)→ . . . .
But in this ase R∨ ⊗ L∨ ⊗K does not admit non-trivial setions. 
We will now examine the above riteria on eah type of lass VII10 surfaes. For
the half Inoue surfae we rst need the following fat.
Lemma 3.10. A singular rational urve C with one node on a omplex surfae
satises KC(C) ∼= OC .
Proof. Note that KC(C) is the dualising bundle of C whih is independent of the
partiular embedding of C [BHPvdV04℄ and we an embed C as a ubi in CP2.
But there K = O(−3) and O(C) = O(3) so that K(C) is already trivial. 
Theorem 3.11. For S the half Inoue surfae, there is an isomorphism
AO ∼= AF (3.12)
and the ltrable simple holomorphi bundles of type (3.1) are bijetively parametrised
by
(
Pic0(S) \
√
F )∐ {0}, mapping L 7→ EL and 0 7→ AO ∼= AF .
Proof. The isomorphism AF ∼= AO follows diretly from orollary 3.9(2) and (2.2)
together with the lemma. Note that by remark 3.5 there are no further bundles of
the form AR.
The bundles EL are simple by proposition 3.7 as well as is AO beause O 6∈
Q(S) =
√F . By orollary 3.9 the bundles EL are pairwise non-isomorphi and
there an be no isomorphism AO ∼= EL. Indeed, taking the rst Chern lass of
L ∼= R(−D) shows c1(O(D)) = 0, ontraditing D 6= 0. This shows injetivity.
Surjetivity follows from proposition 3.7. 
Theorem 3.12. For S the paraboli Inoue surfae there are isomorphisms
AR ∼= R(−E)⊕R∨(−C) R ∈ R(S) , (3.13)
so the AR are not simple. The ltrable simple bundles of type (3.1) are bijetively
parametrised by Pic0(S) \Q(S), mapping L 7→ EL.
Proof. To show (3.13), take a bundle R ∈ R(S) with R2 ∼= O(rC) for some r ∈ N.
Using K ∼= O(−E − C) we get
(K ⊗R∨)∨ ⊗ (R(−E)⊕R∨(−C)) = O((r + 1)C) ⊕ O(E) .
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Sine C ∩ E = ∅, this bundle admits a non-vanishing setion giving rise to a
bundle embedding K ⊗ R∨ →֒ R(−E) ⊕ R∨(−C). But, as one easily heks,
R(−E)⊕R∨(−C) is of type (3.1). So by orollary 3.3 this inlusion extends to
0 −→ K⊗R∨ −→ R(−E)⊕R∨(−C) −→ R −→ 0 .
Assume this extension splits, i. e. R(−E)⊕R∨(−C) ∼= (K⊗R∨)⊕R. Tensorising
with R∨ gives O(−E) ⊕ O(−(r + 1)C) ∼= (K ⊗ R−2) ⊕ O whih is impossible
beause the left hand side admits no non-trivial setions while the right hand side
does. Therefore the above extension is non-trivial and determines the isomorphism
(3.13) by the very denition of AR. The rest follows from 3.7 and 3.9(1). 
To apply orollary 3.9 in the remaining ase of an Enoki surfae, we need the
following generalisation of lemma 3.10 for Enoki surfaes.
Lemma 3.13. On an Enoki surfae one has KrC(C) ∼= OrC for r ∈ N \ {0}.
Proof. We prove by indution on r. For r = 1 this is just lemma 3.10, so let us
suppose KrC(C) ∼= OrC for some r > 1. Restriting a holomorphi line bundle M
from (r + 1)C to C gives the following exat sequene [BHPvdV04℄:
0 −→ MrC(−C) −→ M(r+1)C −→ MC −→ 0 . (3.14)
Considering this sequene for M = O and M = K(C) respetively and taking into
aount lemma 3.10 as well as the indution hypothesis gives the following two
extensions of OrC(−C) by OC :
0 // OrC(−C) // O(r+1)C // OC // 0
0 // KrC // K(r+1)C(C) // KC(C) // 0 .
But the set of isomorphism lasses of holomorphi line bundles on (r+1)C extending
OrC(−C) by OC an be identied with H1(OC(−rC)) [Dré06℄2. So all we have to
verify is H1(OC(−rC)) = 0. To this aim onsider the part
. . .→ H1(O(−rC)) → H1(OC(−rC))→ H2(O(−(r + 1)C))→ . . .
of the exat ohomology sequene assoiated to the short exat sequene (3.9) for
M = O(−(r + 1)C) and D = C. By Serre duality we have H2(O(−(r + 1)C)) ∼=
H0(K((r+1)C)) = 0 by remark 2.3 sine c1(O(C)) = 0 on an Enoki surfae. Also
H0(K(rC)) = 0 and formula (3.4) forM = O(−rC) shows H1(O(−rC)) = 0. This
proves H1(OC(−rC)) = 0 and therefore K(r+1)C(C) ∼= O(r+1)C . 
Theorem 3.14. On an Enoki surfae S we have isomorphisms3
AR ∼= ER∨(−C) R ∈ R(S) (3.15)
and the ltrable simple bundles of type (3.1) are bijetively parametrised by Pic0(S),
mapping L 7→ EL.
2
The proof in [Dré06℄ goes through for non-algebrai surfaes as well.
3 ER∨(−C) is well dened sine R
∨(−C) ∈ Pic0(S) \Q(S), as one easily veries.
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Proof. First reall that divisors on an Enoki surfae are multiples of the urve
C. Therefore R2 ∼= O(rC) for some r ∈ N if R ∈ R(S) and the above lemma
shows the existene of a divisor D = (r + 1)C with KD(D) ∼= OD(rC) ∼= R2D.
Corollary 3.9(3) thus gives an isomorphism AR ∼= EL with L ∼= R
( − (r + 1)C) =
R∨(−C). Remarking that Q(S) = ∅ for Enoki surfaes, the rest follows from 3.7
and 3.9(1). 
Resuming, we saw that with exeption of the bundle AO ∼= AF on the half
Inoue surfae, every ltrable simple holomorphi bundle of type (3.1) on a lass
VII10 surfae S is of the form EL with L ∈ Pic0(S) \ Q(S). Taking into aount
remark 3.5, a bundle of the form AR is simple if and only if R ∈ R(S) \Q(S).
4. The loal struture of the moduli spae
Denition 4.1. We denote by
Ms(S) := {E simple holomorphi struture on E : det E ∼= K}/Γ
(
S,GL(E)
)
the moduli spae of simple holomorphi bundles of type (3.1) on S.
This is a (possibly non-Hausdorff) omplex spae. The loal struture of this
moduli spae is given by the following proposition whose proof is a straightforward
generalisation of the ase R(S) =
√
O in [Tel05a℄.
Proposition 4.2. (1) If L ∈ Pic0(S)\ (R(S)∪Q(S)) then Ms(S) is a smooth
omplex urve CL in a neighbourhood of EL given by L′ 7→ EL′ .
(2) If R ∈ R(S) \Q(S) then Ms(S) is the intersetion of two omplex urves
CR and C
′
R in a neighbourhood of ER where CR is given by L′ 7→ EL′ .
(3) If R ∈ R(S) \Q(S) then Ms(S) is a smooth omplex urve C′′R in a neigh-
bourhood of AR.
(4) The points ER and AR are not separable. More preisely, we nd neigh-
bourhoods U ′, U ′′ of ER and AR respetively with
(
C′R \ {ER}
) ∩ U ′ =(
C′′R \ {AR}
) ∩ U ′′.
(5) Ms(S) is a smooth omplex urve in a neighbourhood of every non-ltrable
bundle.
Moreover, Ms(S) is regular in all smooth points.
We have depited this situation in gure 1 (dividing real dimensions by two). The
vertial arrows symbolise identiation of the orresponding urves with exeption
of the points joined by the dotted line. We an regard the urves C′R and C
′′
R as one
single urve with a double point onsisting of ER and AR. This urve is smooth
at the point AR but is transversely rossed by the urve CR at the point ER.
ER
AR
CR
C′R
C′′R
Figure 1. Loal struture of the moduli spae at ER and AR
In the ase of the paraboli Inoue surfae and an Enoki surfae the above theo-
rem determines ompletely the struture of the moduli spae in a neighbourhood of
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every ltrable bundle. Reall that for the paraboli Inoue surfae R(S)\Q(S) = ∅
so that the situation is partiularly simple: Theorem 3.12 atually establishes an
isomorphism between Pic0(S) \ Q(S) and the ltrable part of the moduli spae
of simple bundles, given by L 7→ EL. For an Enoki surfae the isomorphisms
AR ∼= ER∨(−C) immediately tell us that C′′R = CR∨(−C). In the remaining ase of
the half Inoue surfae the situation is slightly more ompliated. We an not yet
identify the urves C′R and C
′′
R and will do this in setion 7.
5. Stability
The moduli spae important for gauge theory is the moduli spae of stable holo-
morphi bundles and is a Hausdorff omplex spae. Stability is dened with
respet to a Gauduhon metri g on S whih is a Hermitian metri whose asso-
iated (1, 1)-form ωg veries ∂∂¯ωg = 0. Suh a metri always exists and allows one
to dene the degree map by
deg : Pic(S) −→ R
L 7−→ degL :=
∫
S
c1(L, Ah) ∧ ωg ,
where c1(L, Ah) is the rst Chern form assoiated to the Chern onnetion Ah of
a Hermitian metri h in L (i. e. loally c1(L, Ah) = ∂∂¯ log h). This is a Lie group
morphism and independent of the partiular hoie of h. Note that on non-Kähler
surfaes the degree map is never a topologial invariant and therefore non-onstant
on Pic0(S) [LT95℄.
Examples 5.1. (1) degO = degF = 0 beause the square roots of O are
torsion elements in Pic0(S).
(2) degO(D) = volD > 0 for any divisor D > 0 on S. This is a onsequene
of the Poinaré-Lelong formula [GH78℄.
(3) On the half and the paraboli Inoue surfae degK < 0 for any Gaudu-
hon metri. This follows from the previous examples together with (2.2)
and (2.3) respetively. For Enoki surfaes degK attains every value in R
when g varies in the spae of Gauduhon metris. This was shown in
[Tel05b℄, based on results of [Bu00℄.
(4) degR > 0 if R ∈ R(S), beause R2 ∼= O(D) for some divisor D > 0.
(5) Likewise, degL > 12 degK if L ∈ Q(S).
Now the (slope-)stability is dened using the g-slope of a oherent sheaf S
µg(S ) :=
deg detS
rankS
.
Denition 5.2. A holomorphi rank two vetor bundle E over a omplex surfae
S is alled g-stable if for every rank one subsheaf S ⊂ E we have µg(S ) < µg(E).
This denition simplies in our ase to:
Proposition 5.3. A holomorphi vetor bundle E of type (3.1) on a lass VII10
surfae S is g-stable if and only if for every holomorphi line-subbundle L ⊂ E we
have degL < 12 degK.
The proof is standard, see for example [Kob87℄.
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Non-ltrable bundles are stable by denition and stable bundles are simple
[Kob87℄, so it remains to examine stability for simple ltrable bundles (. f. se-
tion 3).
Proposition 5.4. (1) On the half Inoue surfae, the bundle AO ∼= AF has
exatly two holomorphi line subbundles, namely K and F ⊗K.
(2) On an Enoki surfae, the bundles AR ∼= ER∨(−C) have exatly two holo-
morphi line subbundles, namely R∨ ⊗K and R∨(−C).
(3) On an arbitrary lass VII10 surfae, a bundle EL has no holomorphi line
subbundle other than L if it does not belong to ase (2).
Proof. By denition, the bundles EL and AR have as holomorphi line subbundles
L and R∨⊗K respetively. By orollary 3.3 every other inlusion of a holomorphi
line bundle into EL or AR extends to an extension of type (3.3). This extension
is non-trivial if the bundle EL respetively AR is simple and thus determines an
isomorphism (3.8) of the orresponding entral terms. The proposition follows now
from the lassiation (3.12)(3.15) of all possible suh isomorphisms. 
Corollary 5.5. (1) On the half Inoue surfae, the bundle AO ∼= AF is g-
stable for any Gauduhon metri g.
(2) On an Enoki surfae, AR ∼= ER∨(−C) is g-stable if and only if{
degR∨(−C) < 12 degK in ase degK < 0
1
2 degK < degR in ase degK > 0
.
In either ase, one inequality implies the other.
(3) On an arbitrary lass VII10 surfae, a bundle EL not belonging to ase (2)
is g-stable if and only if degL < 12 degK.
Proof. Combine the previous proposition with the examples 5.1. 
Remark 5.6. We see that always at least one of the two non-separable bundles
ER and AR is unstable as it should be, for the moduli spae of stable bundles is
Hausdorff.
The degree homomorphism is non-onstant on Pic0(S) ∼= C∗, so the degree
orresponds to a non-zero multiple of the logarithm of the radius in C. Regarding
5.5(3) we x an isomorphism Pic0(S) ∼= C∗ that identies
Pic0<̺(S) := {L ∈ Pic0(S) : degL < ̺} ̺ := 12 degK
to a puntured open dis in C with enter 0, orresponding to degL → −∞. In
view of 5.5(2) we also dene the set
U(S) := {R∨(−C) ∈ Pic0(S) : R ∈ R(S), degR 6 12 degK} . (5.1)
From 5.1(4) we see that U(S) = ∅ if degK < 0  in partiular if S is the half or
the paraboli Inoue surfae. If S is an Enoki surfae then U(S) is the nite set
onsisting of those line bundles L ∈ Pic0(S) with degL < ̺ that dene an unstable
bundle EL. Note that under the map R 7→ R∨(−C) the set U(S) is in bijetion to
the set R6̺(S) := R(S) ∩ Pic06̺(S) dening singular semistable points ER in the
moduli spae.
Corollary 5.7. The ltrable part of the moduli spae of g-stable holomorphi bun-
dles is bijetively parametrised by
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• Pic0<̺(S) if S is the paraboli Inoue surfae (U(S) = ∅),
• Pic0<̺(S) ∐ {0} if S is the half Inoue surfae (U(S) = ∅) and
• Pic0<̺(S) \ U(S) if S is an Enoki surfae,
mapping Pic0<̺(S) ∋ L 7→ EL and 0 7→ AO.
Proof. This follows from the above orollary together with the theorems 3.11, 3.12,
3.14 and the observation from example 5.1(5) that Q(S) ∩ Pic0<̺(S) = ∅. 
6. The boundary of the moduli spae of polystable bundles
We want to ompute the moduli spaes of polystable holomorphi bundles of
type (3.1) for any lass VII10 surfae S. Throughout this setion we x S and omit
it in notations.
Denition 6.1. A holomorphi rank two vetor bundle E is g-polystable if it is
g-stable (denition 5.2) or if
E = L ⊕M with degM = degL . (6.1)
In the latter ase we all E a split g-polystable bundle. We denote by
M(p)st := {E (poly)stable hol. str. on E : det E ∼= K}/Γ
(
S,GL(E)
)
the moduli spae of (poly)stable holomorphi bundles of type (3.1).
In the previous setions we showed that there is an injetion of Pic0<̺ \U into the
ltrable part of the moduli spaeMst of stable bundles given by L 7→ EL (orollary
5.7) whih is holomorphi on Pic0<̺ \
(
U ∪ R6̺
)
(proposition 4.2). Now dene the
losed puntured dis
Pic06̺ := {L ∈ Pic0 : degL 6 ̺} ⊂ Pic0 ∼= C∗ ̺ = 12 degK .
Its boundary is the irle Pic0=̺(S) of line bundles L ∈ Pic0(S) with degL = 12 degK
and an be mapped to the split polystable bundles by L 7→ L ⊕ (L∨ ⊗K).
In the following we use results about the gauge theoretial ounterpart of our
omplex geometri moduli spae. Equip the bundle E with a Hermitian metri h
and x a (det h)-unitary onnetion a in the determinant line bundle detE = K.
Denote by
MASD := {A h-unitary onnetion on E : F+A = 0, detA = a}/Γ
(
S, SU(E)
)
the moduli spae of oriented anti-self-dual (ASD) onnetions. A onnetion A is
alled reduible if there is an A-parallel splitting of E into two line bundles, i. e.
E = L⊕M and A = AL⊕AM where AL and AM are onnetions on the line bundles
L and M respetively. We write (MASD)∗ for the irreduible part of MASD whih
is naturally a real analyti spae.
The relation between this gauge theoretial moduli spae of ASD onnetions
and the omplex geometri moduli spae of holomorphi bundles is given by the
Kobayashi-Hithin orrespondene [LT95℄, a natural real analyti isomorphism
KH:
(MASD)∗ ∼=−→Mst (6.2)
given by mapping the gauge equivalene lass [A] of an ASD onnetion A to the
holomorphi struture in E determined by the orresponding ∂¯-operator ∂¯A.
Now the seond reason for our partiular hoie of the Chern lasses (3.1a) of E
beomes apparent. The moduli spaeMASD has a natural ompatiation  the
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Uhlenbek ompatiation [DK90℄, onstruted by attahing further strata in-
volving moduli spaesMASD(Ek) of oriented ASD onnetions on rank two bundles
Ek with
c1(Ek) = c1(E) and c2(Ek) = c2(E)− k , k = 1, 2, . . . .
But in our ase (3.1a) assures that 4c2(Ek) − c1(Ek)2 < 0, ondition under whih
the expeted dimension (1.1) of MASD(Ek) is negative and the attahed strata in
the Uhlenbek ompatiation ofMASD are all empty. This means that MASD
is already ompat and the irreduible part (MASD)∗ of MASD an be ompati-
ed by adding only the reduible part. The latter an be shown to be the irle
iH1(S,R)/2πiH1(S,Z). In fat, applying the Kobayashi-Hithin-orrespondene
for line bundles separately to the line bundles in the splitting (6.1) of a split
polystable bundle maps the irle of split polystable bundles to this irle of re-
duible onnetions.
Putting together the above, we get the following ommutative diagram
Pic0<̺ \ U //

Mst
∼=
KH
//

(
MASD
)∗

Pic06̺ \ U //Mpst
∼=
//MASD
.
where the vertial arrows are natural inlusions. Remark that a priori there is
no natural topology on the moduli spae of polystable bundles and the bijetion
Mpst →MASD is only set theoretial. It is turned tautologially into a homeomor-
phism by equipping Mpst with the indued topology.
Proposition 6.2. The above inlusion Pic06̺ \U →֒ Mpst maps Pic06̺ \
(
U ∪R6̺
)
homeomorphially to an open subspae of Mpst. In partiular, if there is no bundle
R ∈ R with degR = ̺, Mpst possesses the struture of a real two-dimensional
manifold with boundary in the neighbourhood of the image of the irle Pic0=̺.
Proof. Using the following lemma, we an apply the proof of [Tel05a, prop. 4.4℄.
Remark that Pic0=̺ ∩ U = ∅. 
Lemma 6.3. Let E be a stable holomorphi bundle of type (3.1) and ε > 0 be
suiently small. Then a line bundle M ∈ Pic0 with H0(M∨ ⊗ E) 6= 0 and
̺− ε 6 degM 6 ̺ is unique.
Proof. The existene of suh a line bundle M implies that E is ltrable and as in
the proof of the equivalene in denition 3.1 we an onstrut a non-trivial sheaf
morphism M → L to a line subbundle L of E . So M ∼= L(−D) for some divisor
D > 0 on S. Sine E is stable we have degL < ̺ and volD = degL − degM < ε.
If we hoose ε > 0 less than the volume of any urve on the surfae then D = 0
and M ∼= L. But proposition 5.4 shows that a line subbundle L ∈ Pic0 of E is
unique. 
The proof of proposition 6.2 fails at points R ∈ R with degR = ̺, . f. [Tel05a,
lemma 4.3℄. This an only our on Enoki surfaes for Gauduhon metris with
degK > 0 and we will aount for this situation in the last setion when we disuss
the struture of the entire moduli spae.
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7. Non-filtrable holomorphi bundles
The next proposition says that the struture of the moduli spae around the
origin is the natural one given by the losure Pic06̺ ∪ {0} of Pic06̺ in C.
Proposition 7.1 ([Tel05a℄, prop 4.5). The inlusion Pic06̺ \ U →֒ Mpst extends
to an inlusion (
Pic06̺ ∪{0}
) \ U →֒ Mpst ,
holomorphi at the entre 0. Moreover, 0 is mapped to a bundle E verifying
E ⊗ F ∼= E , (7.1)
where F is the (unique) non-trivial square-root of O.
The invariane property (7.1) follows from the following lemma in the limit
L → 0, i. e. degL → −∞, sine degL ⊗ F = degL.
Lemma 7.2. EL ⊗ F ∼= EL⊗F and AR ⊗F ∼= AR⊗F .
Proof. First note that EL⊗F and AR⊗F are of type (3.1). Tensorise the dening
extensions for EL and AR by F and ompare with the dening extensions for EL⊗F
and AR⊗F respetively. 
This also makes expliit the Z2 symmetry of the moduli spaes of bundles of
type (3.1) under tensorising with the square roots of O. We see that (7.1) holds for
AO ∼= AF .
Corollary 7.3. On the half Inoue surfae, E is the ltrable bundle AO. On an
Enoki or the paraboli Inoue surfae E is a non-ltrable bundle.
Proof. Suppose EL⊗F ∼= EL for S an arbitrary lass VII10 surfae. Then EL⊗F ∼= EL
by lemma 7.2 and thus L⊗F ∼= L by orollary 3.9, ontraditing the non-triviality
of F . Therefore, either E is non-ltrable or S is the half Inoue surfae and E ∼= AO.
E annot be non-ltrable on the half Inoue surfae beause this would imply that
AO lies on another omponent of the moduli spae. This is exluded by orollary 7.8
below. 
Remark 7.4. One an show that (7.1) implies that the pull-bak of E to a double
over of S splits into a sum of two line bundles.
For a omplete desription it only remains to show that our moduli spaes do
not ontain further onneted omponents. Non-ltrable bundles are stable by
denition and we saw that all unstable ltrable bundles lie on the omponent we
already desribed. Thus another omponent would be ontained in the moduli
spae of polystable bundles and therefore be ompat. But M. Toma showed that
this is impossible on blown-up primary Hopf surfaes [Tom06℄ and we know that
every lass VII0 surfae ontaining a global spherial shell  in partiular every
lass VII10 surfae  is a degeneration of blown-up primary Hopf surfaes [Kat78℄.
In the following we will prove that a ompat omponent in the moduli spae would
be preserved under small deformations. We do this using a third guise of our moduli
spae, justifying at the same time, nally, why we speak of PU(2)-instantons.
Let P be the prinipal PU(2)-bundle obtained as the quotient of the prinipal
U(2) frame bundle of E by the entre of U(2). Remark that the adjoint ation Ad
of SU(2) on itself desends to an ation of PU(2) ∼= SU(2)/{±1} on SU(2) so that
we an dene the gauge group G := Γ(P ×Ad SU(2)). This group ats naturally
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on the ane spae A of onnetions on P . We all a onnetion irreduible if its
stabiliser in G is minimal, i. e. the enter {±1} of G , and denote by A ∗ the spae of
irreduible onnetions. The moduli spae of irreduible anti-self dual onnetions
on P is now dened as the quotient
MASD(P )∗ := {A ∈ A ∗ : F+A = 0}/G
where F+A denotes the self-dual part of the urvature FA of A. There is a anonial
isomorphism
MASD(E)∗ ∼=MASD(P )∗ (7.2)
with the moduli spae of irreduible anti-self-dual onnetions on E from the pre-
vious setion, independent of the xed onnetion a on detE. This independene
will allow us to onstrut a parametrised moduli spae for a deformation of our
surfae.
To do this we write this moduli spae in a dierent way as follows. The spae A ∗
is a prinipal G /{±1}-bundle over the orresponding orbit spae B∗ := A ∗/G . The
map F+ : A → Ω2+(adP ) assoiating to a onnetion A the self-dual part F+A of its
urvature is G -equivariant and therefore denes a setion F+ : B∗ → E in the asso-
iated vetor bundle E := A ∗×adΩ2+(adP ) over B∗. The moduli spaeMASD(P )∗
is then simply the vanishing lous of this setion. Using suitable Sobolev omple-
tions F+ is a Fredholm map between Banah manifolds. A set C ⊂MASD(P )∗
is said to be regular if F+ is regular at every point of C. The following proposition
allows one to hek regularity using the omplex geometri framework. It results
from omparing the loal models of the moduli spaes (MASD)∗ and Mst.
Proposition 7.5 ([LT95℄). A point in (MASD)∗ is regular if and only if its image
in Mst under the Kobayashi-Hithin-orrespondene (6.2) is regular.
Corollary 7.6. For a lass VII10 surfae S every ompat omponent C ⊂MASD(S)∗
is regular.
Proof. By proposition 4.2, Mst(S) is regular at every smooth point and we saw
that all singular points lie on a non-ompat omponent. 
We show that in general a regular ompat omponent of the moduli spae of irre-
duible ASD onnetions is stable under small deformations of the metri. For this
we onsider a parametrised version of the above onstrution of the moduli spae
MASD(P )∗. Let I be the interval [−1,+1] and (gt)t∈I a smooth one-parameter
family of Riemannian metris gt on the base manifold. Again, A
∗ := A ∗ × I is a
prinipal G /{±1}-bundle over B∗ := B∗ × I. The map F+ : A → Ω2(adP ), de-
ned by mapping (A, t) to the self-dual part F
+gt
A of the urvature FA with respet
to the metri gt, is G -equivariant and denes a setion B
∗ → A ∗ ×ad Ω2(adP ).
This setion atually takes values in the subbundle E whose bre over ([A], t) is
the spae Ω2+gt (adP ) of (adP )-valued two-forms that are self-dual with respet
to the metri gt. This gives a setion F
+ : B∗ → E whose vanishing lous is the
parametrised moduli spae(MASD)∗ := {([A], t) ∈ B∗ × I : F+gtA = 0} .
The restrition π :
(MASD)∗ → I of the projetion B∗ × I → I gives a bration(MASD)∗ = ⋃
t∈I
π−1(t) with π−1(t) =MASD(gt)∗ × {t} .
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Proposition 7.7. For t suiently small MASD(gt)∗ ontains a regular ompat
omponent if MASD(g0)∗ does.
Proof. Let C ⊂ MASD(g0)∗ be suh a regular ompat omponent. The restrition
of F+ to MASD(g0)∗ = π−1(0) is just the above map F+ and thus regular on
C. Therefore F+ itself is regular on C. Regularity is an open ondition so F+ is
regular on an open neighbourhood N of C in (MASD)∗. It follows that N is a
nite-dimensional smooth open manifold. Then, as C is ompat, we an hoose
a ompat neighbourhood K of C in N with K ∩ π−1(0) = C ⊂ K˚. We have
K˚ ∩ π−1(0) = K ∩ π−1(0). It sues to show that K˚ ∩ π−1(t) = K ∩ π−1(t) for t
suiently small. Suppose not. Then there exists a sequene of points ([An], tn) ∈
(K \ K˚) ∩ π−1(tn) with tn → 0. But K being ompat, some subsequene of it
onverges to a point ([A], 0) ∈ (K \ K˚) ∩ π−1(0) = ∅ whih is a ontradition. 
Corollary 7.8. For a lass VII10 surfae S, all moduli spaesMASD(S)∗ ∼=Mst(S),
Mpst(S) and Ms(S) are onneted. 
Proof. We saw that another onneted omponent in one of these moduli spaes,
other than the one we already desribed, would belong toMASD(S)∗ and therefore
be ompat. By orollary 7.6 it would also be regular. Let now (Jt)t∈I be a family of
omplex strutures on the real manifold underlying S, parametrising a degeneration
(St)t∈I of blown-up primary Hopf surfaes St, t 6= 0, into S0 := S. We an take
(gt)t∈I to be a orresponding smooth family of Gauduhonmetris gt on St. Then
the preeding orollary says that MASD(St)∗ would ontain a ompat omponent
too, ontraditing [Tom06℄. 
8. The moduli spaes
We an nally assemble all our results to a omplete desription of the moduli
spaes. By a ompat omplex spae with smooth boundary we mean a ompat
real analyti spae with a smooth boundary struture around its boundary and a
possibly singular omplex struture on its interior. We write (6) for < (6).
Theorem 8.1. Let S be a minimal lass VII surfae with b2(S) = 1.
(1) If degK < 0  i. e. if S is the half or the paraboli Inoue surfae or an
Enoki surfae with degK < 0  then the entire moduli spae M(p)st(S)
of (poly)stable holomorphi bundles of type (3.1) is bijetively parametrised
by the open (losed) omplex one-dimensional dis Pic0(6)̺(S) ∪ {0}.
(2) If degK > 0  i. e. S is an Enoki surfae with degK > 0  then the
M(p)st(S) is bijetively parametrised by (Pic0(6)̺(S) ∪ {0}) \ U(S) where
U(S) is the nite set (5.1).
The parametrisation is given by mapping
Pic0=̺(S) ∋ L 7→ L ⊕ (L∨ ⊗K) , Pic0<̺(S) ∋ L 7→ EL and 0 7→ E ,
where:
(3) On the half Inoue surfae, E is the ltrable bundle AO and M(p)st(S)
ontains no non-ltrable bundles.
(4) On an Enoki or paraboli Inoue surfae E is the only non-ltrable bundle
in M(p)st(S).
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In ase (1) this is a homeomorphism, holomorphi on the stable part. In ase (2)
this is a loal homeomorphism exept at points R ∈ R(S), holomorphi on the stable
part minus R(S). Mst(S) is a one-dimensional omplex spae whose singularities
are simple normal rossings at the points ER haraterised by
lim
L→R∨(−C)
EL = ER = lim
L→R
EL for R∨(−C) ∈ U(S) .
Their number |U(S)| is nite but unbounded if the metri varies in the spae of
Gauduhon metris.
Therefore, exept for the ase Pic0=̺(S) ∩ R(S) 6= ∅ on an Enoki surfae,
Mpst(S) is a one-dimensional ompat omplex spae with smooth boundary a irle
and interior Mst(S), smooth in ase (1) and in general singular in ase (2).
For an Enoki surfae S the moduli spae Mpst(S) an be viewed as a losed
omplex dis with nitely many self intersetions as in gure 2 (where we divided
dimensions by two). Note that the degree orresponds to (the logarithm of) the
distane from the enter of the dis. In the limit ase where a line bundle R ∈
R(S) happens to lie on the boundary irle of this dis, the self intersetion is
merely a touh of a point on the boundary irle with an interior point, but both
points do not belong to the moduli spae sine they orrespond to the unstable
bundles ER and ER∨(−C).
E
EO
EF
ER
ER⊗F
Figure 2. The moduli spae of polystable bundles for an Enoki surfae
Sine non-ltrable bundles are stable by denition, the above also ompletes
our desription of the moduli spae Ms(S) of simple holomorphi bundles of type
(3.1). If S is the paraboli Inoue surfae then Ms(S) is simply isomorphi to
(Pic0(S) ∪ {0}) \Q(S), i. e. to the omplex line C minus a disrete set of points.
If S is the half Inoue surfae then, due to the isomorphism AF ∼= AO, the
smooth branhes in the two loal pitures in gure 1 forR = O andR = F oinide.
With notations as in proposition 4.2, we an regard the urves C′′O = C
′′
F , C
′
O and
C′F as one single urve with a triple point onsisting of the three non-separable
points AO, EO and EF . This urve is smooth at AO but transversely rossed by CO
at EO and by CF at EF . The resulting moduli spae Ms(S) is depited in gure 3
(where the stable part is marked in bold and we omitted indiating the puntures
orresponding to bundles in Q(S)).
If S is an Enoki surfae thenMs(S) ontains no suh triple points but ountably
innitely many pairs of inseparable points ER and ER∨(−C) orresponding to line
bundles R ∈ R(S), the rst of them being singular and the seond smooth as in
gure 1. This is shown in gure 4.
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